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If X is any finite group then we define m(X) as the minimal number of 
generators of X. Then denote by J(X) th e subgroup of X generated by all 
Abelian subgroups A of X where m(A) is maximal among the Abelian sub- 
groups. We will denote the center of X by Z(X). Then using this notation, 
John Thompson in [3] proved the following theorem: 
THEOREM. If p # 2 and G is a Jinite group with P any Sylow p-group, if 
NG(&')) and Cc(z(P>> h ave normal p-complements, then G has a normal 
p-complement. 
The purpose of this note is to carry over Thompson’s proof to a slightly 
more general setting. We will say that G has p-length 1 if when K is the 
maximal normal group of order relatively prime to p, and P is any Sylow 
p-group of G then PK is a normal subgroup of G. The theorem we prove 
here is the following: 
THEOREM. If p # 2, 3 and G is p-solvable with Sylow p-group P of G, if 
N&(P)) and &(2(P)) have p-length 1 then G has p-length 1. 
The proof uses the ideas of Thompson in [3]. His theorem for p # 3 
follows from ours only after the nontrivial reduction to p-solvability in [3]. 
Also the restrictions of p # 2 or 3 and G being p-solvable are seen to be 
actually necessary. From now on let us assume the theorem is false and G is 
a minimal counterexample. 
LEMMA 1. (a) G has no normal subgroups of order relatively prime to p. 
(b) If PO is the maximul normal p-group of G, 1 P,, 1 # 1 and Co(P,) < P,, . 
(c) G = PQ where P and Q are p and Sylow q-groups of G. 
(d) Q or Q/Z(Q) is elementary Abelian and Z(Q) = O(Q). 
(e) P/P, acts faithfully and irreducibly on Q/Z(Q). 
Proof. The proof of this result is a more or less standard reduction. Let 
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K be the maximal normal group of order relatively prime top. The hypotheses 
on G are seen to apply to G/K. If 1 K 1 # 1, G/K hasp-length 1. But then it is 
easy to see G has p-length 1. This yields (a). Since G is p-solvable ] PO 1 # 1 
and, by [2], p. 332, we have (b). The hypotheses on G is seen to hold on 
G/P, and we have that G/P,, has p-length 1. If K/P,, is the maximal group 
of order relatively prime to p we have that PK d G and if PK # G by (b) 
we get that P is characteristic in PK and thus normal in G. Thus we have that 
PK = G. Since all Sylow q-groups of G/P, for q # p are Sylow q-groups 
of K/P, we get that P/PO normalizes at least one Sylow q-group QP,,/PO of 
G/P,, for each q # p. By (b), if for all q 1 IK/PO I, PQ # G, we get by the 
minimal nature of G that P CI G. This remark yields (c). By Lemma 8.2 
of [I], if Q is not elementary Abelian, then Q contains a characteristic subgroup 
T such that T/Z(T) is elementary Abelian and the kernel of the restriction 
map F of Aut(Q) into Aut(T) is a q-group. Since TP, Q G we have that PT 
is a subgroup of G. If PT # G we have that P 4 PT. Thus P/PO and TPIP,, 
centralize each other in PTIP, . But PIP, does not centralize QPJP,, . Thus 
P/P,, is in Kernel (p)). This is a contradiction. Thus T = Q and we have 
shown (d). By Maschke’s theorem on complete reducibility we get that P/PO 
is irreducible on Q/@(Q). Since G/P, has no normal p-groups we get that 
C,,~O(QP,,/PO) is a subgroup of QPO/P,, . This property inherits to Q/@(Q) 
and we have (d). This completes the proof of Lemma 1. 
As in [3] we will make use of a theorem of Fitting. Let B be a finite group 
of operators acting on a finite Abelian group A. Suppose further that 
(I B I> IA I) = 1. C onsider the following sum in the endomorphism ring of 
A. Let u = a(B) = l/l B I C b over all b E B. Then it follows that u is an 
idempotent and A decomposes into two B-invariant subgroups A, @ A, 
where A, = {a E A 1 u(u) = u} and A, = {a E A I u(u) = O}. It further 
follows that for any b E B, bu = ub = u. 
LEMMA 2. There exists a maximal generator Abelian subgroup U of P 
such that 
(a) P = UP, and (b) P/P,, is cyclic. 
Proof. If all the maximal generator Abelian subgroups of P are contained 
in PO then J(P) < P,, . Thus J(P) = J(P,,) and J(P) is characteristic in P,, 
and J(P) is normal in G. By hypothesis N&(P)) has p-length 1. Therefore 
choose a U in P so that U is Abelian, m(U) is maximal among the Abelian 
subgroups of P and U Q: P,, . Thus PO 4 PJJ < P. In a natural way we 
can consider UPJP, acting on QP,,/@(Q)P, E Q/@(Q). We can form 
u = u(UP,/P,) and decompose Q/@(Q) into R&D(Q) @ R@(Q). Since 
ziu = O-E = u for all tin UP,/P,, we get that UPO/PO centralizes R,,/@(Q). 
Since UP,,/PO does not centralize Q/@(Q) we get that R, # D(Q). Let 
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Gi = UPOR, . We have that U < UP,, and UP,, is a p-Sylow group of Gi . 
Thus since m(U) is maximal we have U < J( UP,,). Therefore 
NG,(]( up~>> < NGI(~( upO> pO) = NG,(UpO)- 
By Lemma 1 (b) we have CG~(UP,) < P,, and Z(P) < Z(UP,). Thus 
CGI(Z(UP~)) < CG,(Z(P)). Therefore Gi satisfies the hypotheses of the 
theorem. If G, # G we get by Lemma 1 (b) that UP, 4 G1 . Thus UP,,/P,, 
centralizes R,PofP,, in GJP, . Th is is a contradiction to the fact that 
R@(Q) = (3 E Q/@(Q) 1 U(Z) = 01. Thus G = G1 and P = UP, . Statement 
(b) follows from the fact that P/P,, is isomorphic to U/U n P,, and is thus 
Abelian and from Lemma 1 (e) and a theorem of Schur. This completes the 
proof of Lemma 2. 
Let W = (Z(P)n 1 x E G). By Lemma 1 (b), Z(P) < Z(P,J and Z(P,,) 4 G. 
Thus we have that W < Z(P,) and W Q G. Since P/PO is cyclic choose an 
element a E U such that (a, P,,) = P. If for all g E Q, (a, P,, , g) # G we 
get by the minimal nature of G that P is normalized by g and thus P 4 G. 
Thus there is an element g EQ such that (a, PO, g) = G. Since P +I G 
we have PO # P. Thus we have {a, ug, P,,) = G. 
The idea of the proof is as in [3]. We will try to embed a homomorphic 
image of G in SL(2, p) and thus arrive at a contradiction. To do this we will 
produce an elementary Abelian subgroup of order p2 which is normal in G. 
This is the gist of the next lemma. 
LEMMA 3. Let P,, < Y < X -=z G be a nmmal series of G such that X/Y 
is a q-group. Suppose Y centralizes W but X does not centralize W. Then there 
exists a subgroup B of G such that: 
(a) B a G; 
(b) PO < Cc(B); 
(c) B is elementary Abelian of order p2; 
(d) neither P nor Q centralize B. 
Proof. Since Y centralizes W we can consider X/Y acting in a natural way 
as a group on W. By hypothesis (I X/Y I,] W 1) = 1 and as in Lemma 2 we 
can form Q = 0(X{ Y) and decompose W = W,, @ WI . Since X does 
not centralize W, X/Y does not centralize W and 1 WI 1 # 1. Let 
B = (b E WI j b* = 1). The elements b of B are characterized by b E W, 
b* = 1, u(b) = 0. Consider any b E B and any h E G. Since X/Y is normal 
in G we get that a(hbh-l) = 0. Thus B Q G and (a) is proved. Let 
B,, = B n U = B n U, where U, = P,, n U. Since B ( Z(P,,) we can 
form the Abelian group BU, . Since B is elementary Abelian we have that 
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m(BU,J = m( Us) + m(B/B,). By Lemma 2, m( Us) is either m(U) or 
m(U) - 1. Since m(U) is maximal among the Abelian groups we get that 
m(B/Bs) < 1. Thus (B : B,) > p. If 1 B ] > pa then 1 B, n Bog 1 # 1 where 
(a, ug, P,,) = G. Choose X E B, n B,g such that X # 1. Since h E U n Ug 
we get that a, ue and PO all centralize h. Thus h E Z(G). This contradicts the 
fact that u(h) = 1. If 1 B 1 = p then we get that P < C,(B) 4 G. Since X 
does not centralize B the minimal nature of G forces P 4 &(B) 4 G and 
thus P 4 G. Thus ] B 1 = p2 and B is elementary Abelian. This yields (c). 
Statement (b) follows since B < Z(P,). The last statement follows as the 
proof 1 B I = p and the fact that X/Y acts on B as a factor of Q. This finishes 
the proof of Lemma 3. 
By hypothesis &(2(P)) has p-length 1. Thus Q does not centralize Z(P) 
and thus not W as well. Therefore the normal series PO < P,, < QP, < G 
answers the hypothesis of Lemma 3 and there is a group B such that I B I = p2, 
B Q G and B noncyclic. Since G = (a, u*, PJ and P&&(B) we get that 
G/&(B) is isomorphic to a subgroup of SL(2, p). Both Q&(B) and P&(B) 
are proper in G. Since p # 2, if Q&(B)/&(B) is Abelian it is cyclic and 
since 4 < p we get by a theorem of Burnside that PCG(B) 4 G. The result 
follows by the minimal nature of G. If QC,(B)/C,(B) is non-Abelian it is a 
generalized quaternion group and since of class 2, I Q&(B)/&(B)1 = 8. 
Thus I PC,(B)/&(B)1 = 3 t o avoid PC,(B) being normal in G. This again 
has been ruled out by choice of primes. This completes the proof of the 
theorem. Q.E.D. 
Note that the case p = 3 has to be excluded because of the fact that we 
may not assume as in Thompson’s proof that Q is Abelian. To get Thompson’s 
theorem from ours for p # 3 one must go through the reduction in [J] to 
get G p-solvable and having no subgroups of order relatively prime to p. 
Then our theorem takes over to yield a normal Sylow p-group P and hence 
a normal J(P). Thus the theorem is proved. 
It would be interesting to know for what kind of p-groups J(P) = P. For 
these the conditions on NG(J(P)) are satisfied automatically in our theorem, 
for any G. 
To see that the restrictions on p # 2, 3 and p-solvability are necessary 
consider the group of symmetries of the cube of order 48 for p = 2. For 
p = 3 let G be a group of order 24 with a normal quaternion group of order 
8 having i, j, K as quaternion units and being acted on cyclically by an element 
7 of order 3. Let G act on an elementary group V of order 9 in the following 
way: 
i-(J1 :), j+ (y’ :), k+(y i’), T+(: <l). 
Then GV is seen to contradict the case p = 3. The alternating group on five 
letters with p = 5 shows the necessity for some solvability conditions. 
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